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Abstract. Building on the work of K. Chiba (J. Algebra 263 (2003), 75- 
87), we present sufficient conditions for the completion of a division ring with 
respect to the metric defined by a discrete valuation function to contain a free 
field, i.e. the universal field of fractions of a free associative algebra. Several 
applications to division rings generated by torsion-free nilpotent groups, skew 
Laurent series and related division rings are discussed. 



Introduction 

In this paper we present a slight improvement on a theorem of K. Chiba T on 
the existence of free fields in division rings which are complete with respect to a 
valuation function. We then move on to discuss large classes of examples of division 
rings that do and do not contain free fields. 

In what follows the terms "division ring" and "skew field" will be used inter- 
changeably. Occasionally, we shall omit the adjective "skew". A skew field which 
is commutative will always be called a "commutative field" . 

Let us recall from [H Chapter 7] that given a ring R, by an R-ring one under- 
stands a ring L with a homomorphism R ^ L. For fixed R, the i?-rings form a 
category in which the maps are the ring-homomorphisms L U such that the 
triangle below is commutative. 




An i?-ring which is a skew field is called an R-field. An i?-field K is called an epic 
i?-field if K is generated as field by the image of R. If K is an epic i?-field for which 
the map i? ^ if is injective, K is called a field of fractions of R. 

By a local homomorphism between i?-fields K, L one understands an i?-ring 
homomorphism a : Kq — > L from a subring Kq of K containing the image of R into 
L such that Kq \ kera C U{Ko), where U{Kq) denotes group of units of Kq. A 
specialization from if to L is an equivalence class of local homomorphisms from 
K into L, where two local homomorphisms a and /? with domains A'o and ifi, 
respectively, are equivalent if there exists a subring K2 containing the image of R 
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such that K2 C KQr\Ki, a[x) — (i{x), for aU x £ K2, and a\K2 — P\k2 ■ K2 ^ L 
is a local homomorphism. 

A universal i?-field is an epic i?-field U such that for any epic i?-field K there 
exists a unique specialization from U to K. Such a universal i?-field, if it exists, 
is unique up to isomorphism. If R has a universal i?- field U then R has a field 
of fractions if and only if U is its field of fractions. In that case U is called the 
universal field of fractions of R. 

Given a skew field D, a subfield K oi D and a set X, we define the free DK-ring 
on X to be the ring Dk{X) generated by X over D satisfying the relations ax — xa 
for all a € K and x ^ X. It is well known that Dk{X) is a fir and, thus, has a 
universal field of fractions Dk{{X)), called the free Dx-field on X. (We refer to [4] 
for the theory of firs and their universal fields of fractions.) The free Djj-rmg on X 
will be called the free D-i'mg on X and will be denoted by D{X). Its universal field 
of fractions, the free D-field, will be denoted by D{{X)). (When D is commutative, 
the free D-ring on X is just the free D-algebra on X.) When we refer to a free 
field, we shall mean a ZJ^-free field on some nonempty set X for some skew field 
D and subfield K. 

We shall be looking at valuation functions on skew fields. We follow the notation 
and definitions of Ij. Let i? be a ring and let G be a (not necessarily abelian) 
ordered group with operation denoted additively. By a valuation on R with values 
in G one understands a map v: i? — > G U {00} satisfying 

(i) iy{xy) = v{x) + v{y), for all x,y e R, 

(ii) ^{x + y) > mm{v{x), v{y)}, for all x,y & R, 

(iii) ^{1) = and ^{0) = 00, 

where it is understood that a < 00 and a + oo = oo + a = c» + oo = cxD, for all 
a £ G. A valuation v on R will be called proper if the ideal v~^{oo) is trivial; for 
example, on a field every valuation is proper. All valuations considered in this work 
will be proper. 

Let D he a skew field with a valuation v. D ^ G U {00} and let denote 
the set of all nonzero elements of D. Then v{D^) is a subgroup of G called the 
value group of v. If the ordered group v{D^ ) is isomorphic to the additive group 
of integers, then v is called discrete. When v{D^) is a ordered subgroup of the 
additive group of real numbers, for instance, when v is discrete, we can define a 
metric d on _D by choosing a real constant c G (0, 1) and letting 

d(x, y) = c'^(^-2') , for &\\x,yeD. 

The topology so defined on D is independent of the choice of the constant c and 
the completion D of the metric space D is again a skew field with a valuation v 
such that D and v are extensions of D and v, respectively. We shall refer to D 
as the completion of D with respect to the metric induced by v or simply as the 
completion of D with respect to the valuation v. 

An example is the following. Let i? be a ring with a central regular element 
t such that = and R/tR is a domain. If we define, for each x £ R, 

I'ix) = sup{n : x € then v is a valuation on R, called the t-adic valuation. 

In particular, if i? is a domain and if R[z] is the polynomial ring over R on the 
indeterminate z, R[z] has a z-adic valuation. If, moreover, i? is a division ring, then 
R[z] is an Ore domain with field of fractions R{z), the field of rational functions on 
z. The z-adic valuation on R[z] extends to a discrete valuation u on R{z) and the 
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completion of R{z) with respect to v is just the field of Laurent series R{{z)). We 
shall consider more general situations of this instance. 

Section [T] of the present article is devoted to showing that Chiba's result on 
the existence of free fields in completions of valued division rings which are infinite 
dimensional over their centres holds for arbitrary division rings with infinite centres. 
Subsequently, we propose a method for guaranteeing the existence of free fields in 
division rings which have a specialization into division rings with free fields. 

Section [2] elaborates on a commentary of A. Lichtman on division rings which 
do not contain free fields, although their are known to contain free algebras. 

The main results of the paper are in the last three sections. Section [3] treats 
the case of division rings of skew Malcev-Neumman series defined on a torsion-free 
nilpotent group G over a division ring K. They are shown to contain the completion 
of the division ring of fractions of the group ring of G over K with respect to a very 
natural valuation. Free fields are shown to exist in both large division rings. 

In Section|4]we look into division rings of skew Laurent series over a division ring. 
Being complete with respect to natural valuations (either "t-adic" or "at infinity" , 
depending on the presence of derivations), they are subjected to the criteria of 
Section [T] Special instances considered are appropriate completions of the Weyl 
field and of the division ring generated by 2 x 2 quantum matrices. 

Finally, in Section[5l more general i-adic valuations are considered. In particular, 
we obtain a completion of the field of fractions of the universal enveloping algebra 
of an arbitrary Lie algebra in characteristic zero containing a free field. 

1. Free fields in valued division rings 

The proof of the following result can be extracted from the proof of [1, Theo- 
rem 1]. 

Theorem 1.1. Let D be a skew field with infinite centre and let K he a suhfield of 
D which is its own hicentralizer and whose centralizer K' in D is such that the left 
K -space KcK' is infinite- dimensional, for all c d . Suppose that v is a discrete 
valuation on D such that there exists a nonzero element t of K' with v{t) > 0. 
Then for every countable set E of full matrices over the free Dpc-ring Dk{X) there 
exists a T,-inverting homomorphism from Dk{X) into the completion D of D with 
respect to the valuation v. □ 

(In particular, it follows that when D and X are countable and S is the set of all 
full matrices over Dk{X) the completion D contains the free field Dk{{X)). That 
is the statement of [I] Theorem 1(1)].) 

The following consequence of Theorem 11.11 should be compared with [1, Corol- 
lary 1(1)]. 

Theorem 1.2. Let D be a skew field with infinite centre G such that the dimension 
of D over G is infinite. If there exists a discrete valuation v on D then the com- 
pletion D of D with respect to the metric induced by v contains a free field G{{X)) 
on a countable set X. 

Proof. Let X be a countable set and let F be a countable subfield of C. Let S 
denote the set of all full matrices over F{X). Since both F and X are countable, E 
is countable. Moreover, S is a set of full matrices over Dc{X) because the natural 
inclusion F{X) ^ Dc{X) is an honest map, by [H Theorem 6.4.6]. It follows from 
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Theorem 11.11 that there exists a S-inverting homomorphism Dc{X) — > D and, 
therefore, the composed map 

F{X) ^ Dc{X) D 

is a S-inverting _F-ring homomorphism which extends to an i^-ring homomorphism 
F{{X)) D. Thus X freely generates a free subfield of D over F. Since F is a 
central subfield D, X freely generates a free subfield of D over the prime field of 
D and, a fortiori, over C, by T, Lemma 9]. □ 

This provides a more direct proof the following version of [1, Corollary 1(2)]. 

Corollary 1.3. Let D be a skew field with centre C such that the dimension of 
D over C is infinite. Then the skew field of Laurent series D{(z)) in z over D 
contains a free field C{{X)) on a countable set X . 

Proof. Let lo denote the valuation on D{z) which extends the z-adic valuation on 
D[z]. Since there is a natural embedding D^cC{z) ^ F){z), it follows that [D{z) : 
C{z)] > [D C{z) : C{z)] = [D : C] and, hence, D{z) is infinite dimensional over 
C{z), which is its (infinite) centre, by [51 Proposition 2.1.5]. So Theorem 1 1 . 2 1 applies 
and, therefore, D{{z)) contains a free field C{z){{X)) on a countable set X. Finally, 
by [g Proposition 5.4.4], D((z)) contains a free field C{{X)). □ 

We finish this section by remarking that free fields can be "pulled back" through 
specializations. 

Theorem 1.4. Let D be a skew field with a subfield K and let E be a D-field such 
that E contains a free field Dk{{X)). Let F be a D-field and suppose that there 
exists a specialization from F to E satisfying the following condition on a local 
homomorphism a representing it, 

a'~^{x) n Cf{K) ^ 0, for every x e X, 

where Cf{K) denotes the centralizer of K in F. Then F contains a free field 
Dk{{X)). 

The theorem above will be obtained as a consequence of the following more 
general result. 

Proposition 1.5. Let R be a ring with a universal field of fractions U . Let F and E 
be R- fields and suppose that U is an R-subfield of E. If there exists a specialization 
from F to E then U is isomorphic to an R-subfield of F. 

Proof. The canonical maps R ^ F and R ^ E are injective, because E contains U, 
a field of fractions of R, and there exists an _R-homomorphism a: Fq —>■ E., where 
Fq is an i?-subring of F. In fact, there exists such an a with the property that 
any element not in kera is invertible in Fq. Now, ima = _Fo/ kera is an i?-subfield 
of E and, since U is generated as a field by R, we have U C ima. Let L be the 
subfield of F generated by R and set Lq — LCi Fq. Clearly, a{Lo) C U. So we have 
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an i?-map P : Lq —>■ U given by the restriction of a to Lq- 



E 




By definition of f3, any element of Lq not in the kernel of (3 is invertible in Lq. 
Therefore, there exists a specialization from the _R-field L to U. Since [/ is a 
universal i?-field, there exists a specialization from U to L and, hence, U ^ L C F, 
by Theorem 7.2.4]. □ 

Proof of Theorem \1.4\ Let _Fo denote the domain of a. For each x X Gx ^ 
a~^{x) n Cf{K). Let if: Dk{X) — > F be the unique D-ring homomorphism such 
that f{x) — Ux- Then F is a D/f (X)-field. Since Dk{{X)) is the universal field of 
fractions of Dk{X), it follows from the previous proposition that F I) Dk{{X)). 

□ 



2. Some skew fields that do not contain free fields 

In this section we shall present a theorem giving a necessary condition for a 
division ring to contain a free field. This will then be used in order to produce 
examples of division rings which, although containing free algebras, do not contain 
free fields. 

Throughout this section, k will denote a commutative field. 

Let A be a A:-algebra. Denote by the opposite algebra of A. Regard the 
(A, A)-bimodule A as a left module over the enveloping algebra A ®k A""^ in the 
usual way, that is, via a ® b ■ x = axb, for all a,b,x G A. We recall that the 
multiplication map 

fi: A(g)kA°P — > A 
a®b I — f ab 

is a surjective homomorphism of left A 0^ A°P-modules and that ker /i is generated 
as a left A-module by the set {a (g) 1 — 1 (g) a : a ^ A}. 

Lemma 2.1. Let D be a skew field which is a k-algebra. If D ®k L>°p is a left 
noetherian algebra, then D does not contain an infinite strictly ascending chain of 
subfields Di ^ D2 ^ -D3 ^ . . . which are k-subalgebras. 

Proof. Suppose that D contains an infinite strictly ascending chain of subfields 

^1 g ^2 S D3^... 

which are /c-subalgebras. We start by fixing some notation. Let R = D (gk D°P; 
for each n > 1, let i?„ = D„ 0^ let /z„ : i?„ Z?„ denote the multiplication 
map in Z3„ and let /„ = ker/z„. It is clear that R contains the following chain of 
left ideals, 

RIi C i?/2 C i?/3 C . . . 

We shall show that for every n > 1, we have 7^ RIn+i- For the sake of 
simplicity, we shall show that RIi ^ RI2. 
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Since /i C I2 and I2 is a left ideal of R2, we have R2I1 C I2. We start by 
showing that R2I1 7^ h- The ring S — D2®Dx D'2' has a left i?2-inodule structure 
such that (a ®k b) ■ {x (^Di u) = ax ®Di yb, for all a,b,x,y € D2. Consider the 
honiomorphism of left i?2-inodules ip: R2 ^ S such that (p{a <S)kb) = a (8)Di b, for 
all a, 6 e D2. Given z e -Di, we have ip{l (gjfe 2; — z 1) = 1 2; — 2: (g)/)^ 1 = 0. It 
follows that R2I1 C keT(p, for the set {1 z — z 0^ 1 : 2 € Z3i} generates /i as a 
left i?i-module and, hence, is a generating set for the left ideal Rah of i?2. Suppose 
that i?2A = I2 and take x € D2 \ Di. Then 1 ®fc a; — x (g)fe 1 G /2 = i?2A ^ ker 
This implies 

1 (S>Di X = ip{l (8)fe x) = ip{x (g)fe 1) = a; 1, 
which is a contradiction with the choice of x. So R2I1 7^ h- 

To prove that RIi ^ i?/2, note that since D2 is a free Di-module, R2 is a free 
right i?i-niodule and, thus, it is a faithfully flat right i?i-module. Similarly, i? is a 
faithfully flat right i?2-niodule. We then have 

Rh = R {R2 h) = R R2h g R ®_R2 12 = RI2, 
which is what we had to prove. □ 

As a consequence we obtain the following necessary condition for a skew field to 
contain a free field. 

Theorem 2.2. Let D be a skew field and let k be a central subfield of D. If D 
contains a free field k{{x,y)) then D cannot be a left noetherian ring. 

Proof. If D contains the free field k{{x,y)) then, by [5i Corollary 5.5.9], D contains 
a free field with a countable number of generators, say, k{{xi,X2, . ■ .)) C D. For 
every n > 1, letting Z?„ — k{(xi, . . . , Xn)), we obtain an infinite strictly ascending 
chain of subfields in D, Di ^ D2 ^ . . . . By Lemma [2.1[ D ®k is not a left 
noetherian ring. □ 

In [13] , Makar-Limanov showed that the field of fractions of the first Weyl algebra 
over a commutative field k of characteristic zero contains a noncommutative free 
algebra over k and, consequently, it contains a field of fractions of the free algebra. 
However, this field of fractions is not a free field, as the following consequence of 
Theorem 12.21 shows. 

Corollary 2.3. The field of fractions of the first Weyl algebra over a commutative 
field does not contain a noncommutative free field (over any subfield). 

Proof. Let A = k{x,y : xy — yx — 1) be the first Weyl algebra over a field k of 
characteristic zero, let D be its left classic field of fractions and lei S — A ®k D°'^ . 
Then 5 is a Weyl algebra over the skew field D°p, that is, S = D°p{x, y : xy — yx = 
1). Since A is a left Ore domain, T = {A\ {0}) 0^ 1 is a left denominator subset 
of S. Since S is left noetherian, because it is a Weyl algebra over a skew field, 
T~^S = D (S)k is also left noetherian. By Theorem 12.21 D does not contain a 
free field over k. Therefore, D does not contain a free field over any central subfield, 
by [H Lemma 9]. Consequently, D does not contain a free field over any subfield, 
by [3 Corollary pg. 114] and 'W, Theorem 5.8.12]. □ 

Now consider a nonabelian torsion-free polycyclic-by-finite group G. We recall 
that the group ring KG is a noetherian domain for every skew field K (cf. [TSl 
Proposition 1.6 and Corollary 37.11]). Let A: be a commutative field and consider 
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the group algebra kG. Let F denote the left classic field of fractions of kG and 
consider the fc-algebra R — kG ®k = F°^G. Proceeding in similar manner as 
we did above it is possible to show that F ®k F°p is a left noetherian ring. By 
Theorem 12.21 we have the following result. 

Corollary 2.4. The field of fractions of the group algebra of a nonahelian torsion- 
free polycyclic-by-finite group over a commutative field does not contain a noncom- 
mutative free field (over any subfield). □ 

Let iJ be a nonabelian torsion-free finitely generated nilpotent group and con- 
sider the group algebra kH . Since H is polycyclic-by-finite then the group algebra 
kH is a noetherian domain. We remark that, again, Makar-Limanov proved in |14j 
that the field of fractions Q of kH contains a noncommutative free algebra over k. 
By what we have just seen, the subfield of Q generated by this free algebra is not 
a free field. 

3. Free fields in Malcev-Neumann series ring 

In this section we shall see that a ring of Malcev-Neumann series of a torsion-free 
nilpotent group over a division ring contains a free field. 

Let G be a finitely generated torsion-free nilpotent group. We follow [6] and 
recall some facts about G. First, G has at least one central series 

(1) G = D F2 3 F3 D • • ■ D 3 ^^,+1 = {1} 

such that for alH = 1, . . . ,r, i^i/F^+i is an infinite cyclic group. (Such a series 
can be obtained as a refinement of the upper central series of G, for instance.) A 
central series of G whose factors are infinite cyclic will be called an T-series. Let fi 
be a representative in G of a generating element of Fi/Fi^i. It follows that every 
element of G can be written uniquely in the form 

(2) 

with «!, Q!2, . . . , ckr e Z. Given subgroups X,Y of G the subgroup generated by 
all commutators {x,y) with x ^ X and y E Y will be denoted by {X,Y). So, 
since ([T]) is a central series for G, we have {Fi,G) C F^+i, for all i = l,...,r, 
and, hence {Fj,Fi) C Fj+i, whenever j > i. Because -Fj+i is a finitely generated 
torsion-free nilpotent group with JT-series Fj+i D Fj+2 3 • • • ^ 3 ^r+i = {!}, 
given ai,aj £ Z, we have 

rCtj rcti roii pCtj rJj + 1 rlj + 2 rfr 

Jj Ji —Ji Jj Jj + 1 Jj + 2 ■■■Jr I 

for some 7^+1, . . . , 7^ G Z. In particular, Fr = (fr) Q -2(G), the centre of G. 
Finally, G is an ordered group with the lexicographic ordering, that is, 

if and only if there exists some s for which 

as < Ps, while Ui = /3i, for all i = 1, . . . , s — 1. 

Assume that G is nonabelian, that the elements /i,...,/^ in ((2]) have been 
chosen and that the order in G is defined as above. Let be a skew field and 
consider the Malcev-Neumann skew series field A'((G,(t)), where a: G ^ Aut(Ar) 
is a group homomorphism of G into the automorphism group Aut(Ar) of K. Recall 
that Ar((G, cr)) is constituted by those formal series / = ^g(zG o,gg, with Ug G AT, 
whose support supp(/) = {<? G G : / 0} is a well-ordered subset of G. The 
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product in K{{G,a)) is induced by the relations ga — a{g)(a)g, for all g G G 
and a K. When a is the trivial homomorphism, sending every element of G to 
the identity map of K, we shall simplify the notation and write K{{G)) for the 
corresponding Malcev-Neumann skew field. The subring of K{(G,a)) of elements 
of finite support is the usual skew group ring of G over K, henceforth denoted by 
K{G, a). When a is trivial this subring is the usual group ring and is denoted by 
KG. By fTS], Corollary 37.11], K{G,a) is an Ore domain with field of fractions 
Q{K{G,a))] so we have K{G,a) C Q{K{G,a)) C K{{G,a)). 

We shall show that there exists a natural discrete valuation on K{G,(j) which 
extends to K{{G, cr)) turning this Malcev-Neumman skew field into a complete field. 
This will eventually yield an embedding of a free field into it. 

Since any element of G can be written uniquely in the form ([2|) , an element x of 
K{G, a) can be written uniquely as a finite sum 

where / = (ai, a2, . . . , a^) £ Z"" and a/ £ K. 

Lemma 3.1. The map o: K{G,(7) ^ Z U {oo}, given by 

o{x) = min{ai : fi^f2^ ■ ■ ■ /""■ G supp(x) for some a2, ■ ■ ■ ,ar £ Z}, 
if X ^ and o(0) = oo, is a valuation function on K{G, a). 

Proof. Take nonzero elements x,y € K{G,a) with o{x) — a and o{y) — (3, say 
minsupp(a;) = fif^^ ■ ■ ■ f""^ and minsupp(j/) — /f /f^ . . . Z^*^, and suppose that 
the coefficients of these elements of G occurring in x and y are a and b, respectively. 
Then the element 

9 - {f^fp • ■ • fmfift ■ ■ ■ fh = f^+^fp+0^f^^ . . . , 

for appropriate 73, . . . , 7^ S Z, occurs in xy with coefficient aa{f^ f2^ . . . fr''){b) 7^ 
0. So g is the least element in supp(x?/) and, hence, o{xy) = a + (i. The other 
conditions required for o to be a valuation are clearly satisfied. □ 

Denote by v: Q{K(G, a)) ^ Z U {00} the unique extension of o to a valuation 
onQ{KiG,a)). 

Given a nonzero x = J2i ^ifi^ ■ ■ ■ fr" ^ -^((^7^)); since supp(x) is well- 
ordered, the integer minjai : f^^ f^^ ■ ■ ■ /""^ G supp(a;) for some a2, . . . , ctr G Z} is 
well defined. 

Lemma 3.2. The map v: K{{G,a)) ZU {00}, defined by 

v(x) = minjai : /"V2*^ ■ • • /""^ ^ supp(a;) for some a2, . . . , G Z}, 

if x and i>(0) = 00, is a valuation function on K{{G,a)) which extends the 
valuation v on Q{K{G,(7)). 

Proof. The same argument in the proof of Lemma 13.11 shows that j) is a valuation 
function. By definition, DlKiCa) = o, so i>\Q{K{G,cr)) ^ t^- □ 

The next step is to show that K{{G, a)) is complete with respect to this valuation. 

Lemma 3.3. The skew field of Malcev-Neumann series K{{G,a)) is complete with 
respect to the valuation v. 
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Proof. Take a real constant c G (0, 1) and consider the metric d in K{{G, a)) induced 
by i>, that is, we set d{x,y) = d"^^-y) ^ for x,y e K{{G,a)). Let (w„)„gN be a 
Cauchy sequence in K{{G, a)), say 

where a^"^ G iC. For each fc G Z, choose G N such that d{up, Uq) < , whenever 
p,q > rife, satisfying uq < ni < n2 < ■ ■ ■ < Uk < ■ ■ ■ and consider the subsequence 
(Mnfc)feGN of (w„). Clearly, for every fc G Z, we have d{up,Uq) < if and only if 
flj^-* — a'f \ for all / = (ai, . . . , a^) with ai < fc. So, if / > fc > 0, then 

(3) 4""' = for aU / = (ai, . . . , a^) with ai < 



and 



(4) ap> = af"', for aU / = (ai, . . . , a^) with ai < k. 

We shall show that {un^) is convergent in K{{G,a)). Consider the element 

(5) 4"°Vr/2"^ •••/."-+ E 4"°^Vr/2"^.../"'-. 

/— (ai ,. . . ja^.) /— (qi ,. . . ,aj,) 

Qi<0 ai>0 

Let us prove that u G K{{G,a)), that is, that supp(u) is well-ordered. Let v denote 
the first part of the sum in u (that is, the sum of all the terms with ai < in ([5])) 
and w, the second. Because it is a subset of supp(u„o), supp(ti) is well-ordered. 
As for w, let S* be a nonempty subset of supp(w) and let a be the smallest integer 
such that fif2^ ■ ■ ■ fr'' G S for some choice of a2, . . . , G Z. Such an a exists 
because, by definition, if /"^ . . . /"'■ G supp(w), then, necessarily, ai > 0. Let T 
be the set formed by all the elements of S which arc of the form /f /^^^ . . . /""■, for 
some a2, . . . , G Z. We have seen that T ^ 0. Furthermore, by the definition of 
w, we have T C supp(u„^) and, therefore, T has a smallest element which is easily 
seen to be the smallest element of S. It follows that supp(u') is well-ordered and, 
therefore, u = v + w G K{{G, cr)). 

Finally, we prove that (un^.) converges to u. Given e > let i G Z be such that 
c' < e. For every k > t, we have 

Ql<0 

+ E (4"'°^-4"°^^)/r/2"^---/^ 

I—(^a.i ,. . .,ar) 
0<ai<k 

+ E (4"'^-4"°^^)/r/2"^-../^ 

/— (qi ... .,a.r) 
ai>/c+l 

= E (4"'^-4""^^)/r/2"^--/^, 

ai>k-\-l 
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by dSl) and Thus, i>(m„^ - m) > A; + 1 > A: and hence d{un^,u) = c'^(""fc-") < 
c*^ < e. Therefore, the subsequence (un^) of (u„) converges to u. Hence is 
convergent. It foUows that K((G,(t)) is complete. □ 

In order to prove the existence of a free field in K{{G,a)) using Theorem 11.21 
we need to establish the infinite dimensionality of Q{K{G,(t)) over its centre. We 
state a result that holds in a larger context. 

Lemma 3.4. Let H be a nonabelian ordered group, let K be a skew field and let 
t: H Aut(-ftr) be a group homomorphism. Then any field of fractions of the skew 
group ring K{H,t) is infinite- dimensional over its centre. 

Proof. Let be a field of fractions of K{H, r) and denote by tt the prime subfield 
of K. If F were finite-dimensional over its centre, then F and, therefore, the group 
algebra ttH would be Pl-rings. By [U Lemma 10], this would imply that G is an 
abelian group. □ 

Theorem 3.5. Let K be a skew field, let G be a nonabelian finitely generated 
torsion-free nilpotent group and let a: G —> Aut(-fi') be a group homomorphism. 
If the centre Z of the classical field of fractions of the skew group ring K{G, a) is 
infinite then the skew field of Malcev-Neumman series K{{G,a)) contains a free 
field Z{{X)) on a countable set X . 

Proof. Let Q denote the classical field of fractions of K{G, a). Since by Lemma [3^ 
Q is infinite-dimensional over its centre Z, it follows from Theorem 11.21 that the 
completion Q oi Q with respect to the topology defined by the discrete valua- 
tion extending the valuation o of K{G,a) defined in Lemma 13.11 contains a free 
field Z{{X)) on a countable set X. As a consequence of Lemma [3.21 the natural 
monomorphism Q ^ K{[G,a)) is an isometric embedding. Since, by Lemma 13.31 
K{[G,a)) is a complete metric space, the closure of Q in K{{G,a)) coincides with 
Q. It thus follows that K{{G,a)) contains Z{{X)). □ 

If a is trivial, then the centre Z of Q is necessarily infinite, because, using the 
notation in the first paragraph of this section, the infinite cyclic group Fr is a 
subgroup of the centre Z{G) of G. Therefore, Fr C Z{G) C Z{KG) C Z. This 
proves the next result. 

Corollary 3.6. Let K be a skew field and let G be a nonabelian finitely generated 
torsion-free nilpotent group. Then the skew field of Malcev-Neumman series I'C{{G)) 
contains a free field Z{{X)) over the centre Z of the classical field of fractions of 
the group ring KG on a countable set X . □ 

4. Skew Laurent series 

In this section we show that a large class of division rings, namely fields of frac- 
tions of skew polynomial rings over skew fields, are endowed with natural valuations 
whose completions contain free fields. In particular, it will be shown that the Weyl 
field can be embedded in a complete skew field containing a free field. Similar 
methods will be applied to deal with fields generated by quantum matrices. 

Let A be a ring, let cr be an endomorphism of A and let (5 be a (right) cr-derivation 
of A, that is, (5 : A —> A is an additive map satisfying 

6{ab)=6{a)a{b)+ad{b), 



FREE FIELDS IN SKEW FIELDS 



11 



for all a,b G A. The skew polynomial ring in x over A, hereafter denoted by 
^[2:; cr, (5], is the free right A- module on the nonnegative powers of x with multipli- 
cation induced by 

ax — xa{a) + (5(a), 

for all a dz A. If is a skew field then cr, S] is a principal right ideal domain and 
its field of fractions will be denoted by A{x;a,6). When ^ is a right Ore domain 
with field of fractions Q{A) and a is injective, a and 6 can be extended to Q{A) 
and we can consider the skew polynomial ring Q(A)[x] a, S]. In this case we have 

A[x;<7,S] C Q{A)[x;a,S] <= Q{A){x;a,6) 

and so A[x; a, 6] is a right Ore domain with field of fractions Q{A){x; a, 5). 

For an arbitrary endomorphism a of the skew field K a further construction 
will be considered. The ring of skew power series K[[x; a]] is defined to be the set 
of power series on x of the form X]S:0^''^«' '^ith Oi £ K, where addition is done 
coefficientwise and multiplication is given by the rule ax — xa{a), for a £ K. When 
a is an automorphism, we can embed if [[x; tr]] into the ring of skew Laurent series 
K{{x]a)) whose elements are series X^^r-^**^*' "^ith r a nonnegative integer. In 
K{{x]a)), multiplication satisfies aa;" = a;"(T"(a), for every integer n and a G K. 
It is well known that K{{x; a)) is a skew field containing K{x\ a). 

As mentioned in [5, Section 2.3], when (5 7^ we must look at a more general 
construction. Given an automorphism ct of a skew field K and a cr-derivation 5 
on if, denote by R the ring of all power series X^i^o ^iV^ V "^ith multiplication 
induced by ya — X^i^o '^^^W)V^^^^ ^'^^ a € K. In O Theorem 2.3.1] it is shown that 
i? is a domain and 5* = {1, y, y^, . . . } is a left Ore set in R whose localization S^^R is 
a skew field, consisting of all skew Laurent series J2i^r ^^iV^^ '^i^h r G Z. Because in 
S~^R we have ya = a{a)y + yS(a)y, for all a G if , it follows that ay~^ = y~^a{a) + 
(5(a). Hence, the subring generated by y~^ in S~^R is an ordinary skew polynomial 
ring on y~^. Because of that we shall adopt the notation R — K[[x~^;a,S]] and 
S~^R — K{{x~^;a,S)). So we have an embedding K[x;(t,S] C K{{x~^;a,S)), 
sending x to y^^ and, hence, K{x;a,6) C K{{x^^;a-,d)). It is also clear that 
K{{x~^;a, (5)) = K[[x-^;a, d]] + K[x; a, 6]. 

We now define a valuation function on K{{x^^; a, S)). 

Lemma 4.1. Let K be a skew field with an automorphism a and a a-derivation S. 
Then the map ui: K{{x~^]a,5) ^ Z U {00} defined by 

^(/)=sup{n:/GiC[[x-i;(7,5]]y"}, 

is a valuation on K{{x^^;a,S)). 

Proof. The only nonobvious fact to be proved is that if / and g are nonzero elements 
of K{{x~^; a, S)), then u>{fg) = w(/) + uj{g). This follows from the fact that, since 
(7 is invertible, it is possible to write, for every integer n and a G if , j/"a = 
(7"(a)y" + %"+\ for some h G K[[x-^;a,S]]. □ 

The field K{x;a,d) has a valuation "at infinity" v which extends the valuation 
— deg on if [x; tr, S], where deg denotes the usual degree function on K[x; a, S], that 
is, deg(Xx'ai) = max{i : a^ 7^ 0}. Clearly, (jj\K{x;a,s) = i^- The following lemma 
shows that if ((x"^; ct, 6)) is the completion of if (x; ct, 6). 
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Lemma 4.2. Let K be a skew field with an automorphism a and a a-derivation 
S. With respect to the valuation v defined above, K{{x^^;a,S)) is the completion 
of K{x;a, 5). 

Proof. That K{x;a,6) is dense in K{{x~^;a,S)) follows from the fact that every 
Laurent series '^^^'^iU^ is the limit of its partial sums, which 

are elements in K{x; a, S). It remains to prove that K{{x^^; a, 6)) is complete. Let 
(un) be a Cauchy sequence in K{{x^^;a,S)), say 

E(") i 
a] V , 

with a^"'' £ K and m„ g Z. We proceed as in the proof of Lemma [3.31 For each 
fc G Z choose nonnegative integers £ N satisfying < ni < n2 < ■ ■ ■ such that 
uj(up — Uq) > k, for all p,q > n^- Consider the following element of K{{x^^; a, S)), 

i<0 i>0 

We shall prove that (w„) converges to u. Indeed, for all fc, uj{unk — u) > k + 1 
and, hence, the subsequence of converges to u. Since is a Cauchy 

sequence, (u„) converges to u. It follows that K{{x~^;a,6)) is complete. □ 

In the case that (5 = 0, K{x; a) has an x-adic valuation 77, defined by r](fg^^) = 
o{f) — o{g), for all f,g G K[x]u\, g 0, where o(^a;*ai) = min{i : Oi 0} 
is the order function on K[x;a], which is a valuation. Denote by C the integer 
valued function on K{(x;a)) defined by C,{h) — sup{n : h e a;"_ft'[[a;; cr]]}, for all 
h £ K{{x;a)), h 0. It is easy to see that C is a valuation on K{{x;a-)) which 
coincides with rj on K{x; a). With a proof similar to the one of Lemma [4.21 it can 
be shown that K{{x; a)) is the completion of K{x; a) with respect to rj. 

Our next aim is to guarantee the existence of free fields in completions of skew 
rational function fields. For that, we recall the following definition. An automor- 
phism a in a ring is said to have inner order r if is the least positive power of 
(T which is inner. If a'' it is not inner for any r > 0, then cr is said to have infinite 
inner order. We shall need the following result. 

Lemma 4.3 Theorem 2.2.10]). Let K be a skew field with centre C , let a be 
an automorphism of D and let 5 be a a-derivation. If K[x]ij,S\ is simple or a has 
infinite inner order, then Z{K{x;(7,d)) = {c G C : (t(c) = c and (5(c) — 0}. □ 

We have the following result. 

Theorem 4.4. Let K be a skew field with centre C , let a be an automorphism of 
K and let 5 be a a-derivation of K . Suppose that if[a;;(T, (5] is simple or that a has 
infinite inner order. If 5 ^ 0, let R = K{(x~^; a, 5)), otherwise, let R = K((x; a)). 
If the field Cq = {c £ C : fT(c) — c and (5(c) = 0} is infinite, then R contains a free 
field Co{{X)) on a countable set X. 

Proof. Since, by Lemma 14.31 Z{K{x;a,S)) — Cq and {x* : i £ Z} is linearly 
independent over Cq, because it is over K, it follows that K{x;a,S) is infinite 
dimensional over its infinite centre Cq. By Theorem 11.21 R contains a free field on 
a countable set over Cq, for, as we have seen above, it is the completion of K(x; a, S) 
with respect to appropriate discrete valuations. □ 
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We remark that the case (5 = in the above theorem had already been considered 
in [U Theorem 4] for a commutative field K of coefficients. 

An example of a skew polynomial ring with a nonzero derivation is the first Weyl 
algebra over a skew field K, 

Ai{K) = K(xi,X2 ■ XiX2 - X2X1 = 1) = K[xi] X2]I, -f— 

I axi 

where / above stands for the identity automorphism of iir[a;i]. It is well known that 
Ai{K) is an Ore domain with field of fractions Qi{A) = K{xi){x2', I , -^), called 
the Weyl field. 

Corollary 4.5. Let K he a skew field with centre C. If char K = then the field 
of skew Laurent series K{xi){{x2^', I, 35-)) contains a free field C{{X)), where X 
is a countable set. 

Proof Let B = K{x,)[x2; I , £]. Then A,{K) CSC K{xi){x2;I,^) and 
Q{B) — Qi{A) — K{xi){x2;I,-£^)- Clearly, ^ is not an inner derivation. It 
follows from [51 Corollary 3.16] that i? is a simple ring. Since charX = 0, we have 
Z{K{xi))o = {/ G Z{K{xi)) : ^(/) = 0} = C{xi)o = C, an infinite field. By 
Theorem 14.41 the field of skew Laurent series I^{xi){{x2^]I^ dfr)) contains a free 
field on a countable set over C. □ 

Our next example is a division ring generated by quantum matrices. Let k be 
a commutative field and let g 6 be a nonzero element. The algebra Mq{2) of 
quantum 2x2 matrices over k is defined to be the fc-algebra with four generators 
a, 6, c, d subjected to the following relations: 

ab = qba, ac = qca, be = cb, 

bd = qdb, cd — qdc, ad — da = (q — q~^)cb. 

It can also be regarded as an iterated skew polynomial ring k[a] [b; at] [c; ad [d; cr^, Sd], 
where df,, ctc and ad are the fc-automorphisms satisfying 

(Tb(a) = qa, 

ac{b) 6, ac{a) = qa, 

ad{c) = qc, adib) = qb, ad{a) = a, 

and 5d is the tTtj-derivation such that 

5d{a) = (q - q-^)ch, 5d{b) = 0, 5d{c) - 0. 

(See, for instance, [21 •) It follows that Mq{2) is a noetherian domain with field 
of fractions Qq{2). For simplicity we shall write Ra = k[a], Rt — Ra[b;ab], Rc = 
Rb[c; ad- The fact that the field of fractions Qq{2) of Mg(2) — Rc[d; ad, Sd] contains 
a free algebra follows from the following theorem. 

Theorem 4.6 ([T2l Theorem]). Let K — k{t) be the field of rational functions over 
a commutative field k and let a a k- automorphism of K of infinite order. Then 
K{x; a) contains a noncommutative free k-subalgebra. □ 

Corollary 4.7. Let k be a commutative field and let q E k" . If q is not a root 
of 1, then the field of fractions of the k-algebra 0/ 2 x 2 quantum matrices con- 
tains a noncommutative free algebra over k and can be embedded in a division ring 
containing a noncommutative free field. 
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Proof. Wc adhere to the notation above and let Qq{2) denote the field of fractions 
of Mq{2). Since q is not a root of 1, the extension of ab to k{a) is an automorphism 
of infinite order. By Theorem 14.61 Q{Rb) = k{a){b; ai,) contains a noncomniutative 
free fc-subalgebra. Since Q{Rb) is a subfield of (3^(2), it follows that Qq{2) contains 
a noncommutative free fc-subalgebra and has infinite dimension over its centre Z , 
which is infinite because q is not a root of 1. The completion of Qq(2) with respect to 
the valuation sending d to —1 is the field of skew Laurent series Q{Rc){{d~^; ad, <5rf)), 
which, by Theorem 1 1.21 contains a free field Z{{X)) on a countable set X. □ 

An application of Theorem 14 . 41 with a nonidentity automorphism is the following. 
Let k he a commutative field and let A be a nonzero element in k. Let B\ be the 
fc-algebra generated by two elements a;, y, together with their inverses x~^, y~^, 
subjected to the relation xy = Xyx. This algebra has been considered by Lorenz in 
[TT] . It can be viewed as a factor Bx = kG/{{a,b) — A) of the group algebra kG, 
where G — {a, b : {a, (a, b)) = (6, (a, b)) = 1) is the free nilpotent group of class 2 on 
2 generators, or as the localization of an Ore extension, B\ — k[x,x~^][y,y^^;(T], 
where a is the fc-automorphism of k[x] given by (j{x) — Ax. It follows from this last 
characterization that fc[x][?/;(T] C Bx C k[x){y;a) and hence Bx is an Ore domain 
with field of fractions Qx = k{x){y; a). If A is not a root of unity then a has infinite 
order and, by Lemma l473l Z{Qx) = {r e k{x) : a{r) = r} = fc, which is an infinite 
field. Moreover, in this case, Qx is known to contain a noncommutative free k- 
algebra. It follows that it is infinite dimensional over its centre. The order function 
o on fc[a;][j/;f7] such that o(y) = 1 is a valuation. It extends to a valuation on Bx 
and, consequently, to one on Qx- So, Theorem 14.41 impfies that with respect to this 
valuation the completion Qx — k{x){{y;a)) contains a free field fc((X)), where X 
is a countable set. This example should be compared with the case considered in 
the Section [3l where it was proved that the classic field of fractions of kG, for that 
same group G, has a valuation with a completion containing a free field. 



5. A CLASS OF RINGS WITH t-ADIC VALUATION 

Let i? be a ring with a regular central element t such that f] t"R = and R/tR 
is right Ore. In [p], Lichtman proved that R can be embedded in a division ring D. 
We will show that in some cases such a division ring D contains a free field. As a 
consequence we show that a free field can be embedded in the completion of a field 
of fractions of the universal enveloping algebra of a Lie algebra in characteristic 
zero. 

We start by stating the main result of [9]. 

Theorem 5.1 ([9l Theorem 1]). Let R be a ring and let t be a regular central 
element of R. Assume that P|t"i? = and that R/tR is a right Ore domain. Then 
R can be embedded in a division ring D, the t-adic valuation Vt of R is extended 
to a valuation v of D and the subset R{R*)~^ is dense in D. Moreover, if S is 
the valuation ring of v, then S/tS is isomorphic to A, the field of fractions of 
R/tR. □ 

In its proof it is shown that i is a central element of D, that 5 is a local ring with 
maximal ideal tS and that tS defines a f-adic valuation in S which extends vt and 
coincides with the restriction of i/ to S. Moreover, D is defined as the localization 
ST~^, where T — {l,t,t'^, . . .}, and it is shown to have the property that all of its 
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elements have a unique representation of the form 

oo 
i—r 

where the r is an integer and the di belong to a system of coset representatives of 
S/tS in S. It follows that D is complete with respect to the valuation v. 

Theorem 5.2. Under the hypothesis of Theorem \5.1\ if A. is infinite- dimensional 
over Z{A), then D contains a free field Z(D)({X)), where X is a countable set. 

Proof. We shall prove that under the given hypothesis D is infinite-dimensional 
over Z{D). Suppose that [D : Z{D)] — n < oo. It will be shown that this implies 
that [A : ^(A)] is also finite and [A : ^(A)] < n. Let Si, ... , Sn+i be a sequence of 
n + 1 elements in A — S/tS and choose si, . . . , s„+i 6 S such that 6i ='Si = Si + tS, 
for alH = 1, . . . , n + 1. Since [D : Z(D)] — n, the elements si, . . . , Sn+i are linearly 
dependent over Z{D). We can suppose, then, that there exist nonzero elements 
zi, . . . , Zm S Z{D) such that zisi + • • • + ZmSm = 0, for some m < n + 1. For each 
j = 1, . . . ,m, let Tj = h'{zj). Then ^{zjt^^^) — i'{zj) — rjiy^t) — ^{zj) — rj = 0. 
So, letting Uj = Zjt~^^ , we get Zj — Ujt^^ , for j — I, . . . ,m, with Uj G S \ tS. Our 
dependence relation now reads 

(6) UiSit^^ + • • • + UmSmt^""- = 0. 

Let r = min{rj : j ~ I, . . . , m} and suppose, without lost of generality, that r = ri. 
Then rj - r > and hence f'-^-'^ e R C S, for all I < j < m. Multiplying ^ 
by t^'' yields the following relation in S, uiSi + U2S2t'^^^'^ + • • • + UmSmt^'"^^"^ = 0. 
Thus, in the quotient A = S/tS, we have 

u^Si + uit^52 + ■■■ + u.nV'"^-'' 5^ = 0. 

Now since the Zj and t are central, Uj G fl Z{D) C Z{S). As we have seen 
above ui G S \ tS. So we have a nontrivial dependence relation among the 6j 
with coefficients in Z{A). It follows that [A : ^(A)] < n. We conclude that D is 
infinite-dimensional over Z{D). Moreover, since t is not invcrtiblc in R, the set T 
of powers of t is infinite and, therefore, the centre Z{D) of D is infinite. Finally, 
since is a discrete valuation and D is complete with respect to it, _D contains a 
free field Z{D)({X)), where X is a countable set, by Theorem 11.21 □ 

An important special case of Theorem 15.11 is provided by universal enveloping 
algebras of Lie algebras. We follow [HI Section 2.2]: let L be a Lie algebra over a 
commutative field k and let U{L) be its universal enveloping algebra. It is known 
that U{L) has a filtration 

C [/o C [/i C • • • C C/i C . . . , 

where Uq = k, Ui — k + L + L"^ + ■ ■ ■ + U and is the subspace generated by 
all products of i elements of L. By [Jl Proposition 2.6.1], this filtration defines a 
valuation v on U{L), called the canonical valuation. [SJ Theorem 2] then asserts 
that U{L) can be embedded in a skew field D, which is complete in the topology 
defined by the canonical valuation. (This result had been originally obtained by 
Cohn in [2] with a different proof.) Let D{L) be the subfield of D generated by 
U{L). Since D is complete, the closure D{L) of the subspace D{L) of the metric 
space D is complete, and hence, D{L) is the completion of D{L). 
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Lichtman also proved in |10j that, if char fc = 0, then any skew field that contains 
U{L) contains a fi'ee fc-algebraof rank 2 and, therefore, must have infinite dimension 
over its centre. So we have the following consequence of Theorem ll.2l 

Theorem 5.3. Let L be a nonabelian Lie algebra over a commutative field of 
characteristic zero and let U{L) be its universal enveloping algebra. In the notation 
above, both D and D{L) contain a free field Z{D{L))({X)) on a countable set 
X. □ 
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